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ON CONFORMALLY RECURRENT MANIFOLDS OF
DIMENSION GREATER THAN 4
CARLO ALBERTO MANTICA AND LUCA GUIDO MOLINARI
Abstract. Conformally recurrent pseudo-Riemannian manifolds of dimension
n ≥ 5 are investigated. The Weyl tensor is represented as a Kulkarni-Nomizu
product. If the square of the Weyl tensor is nonzero, a covariantly constant
symmetric tensor is constructed, that is quadratic in the Weyl tensor. Then,
by Grycak’s theorem, the explicit expression of the traceless part of the Ricci
tensor is obtained, up to a scalar function. The Ricci tensor has at most two
distinct eigenvalues, and the recurrence vector is an eigenvector.
Lorentzian conformally recurrent manifolds are then considered. If the square
of the Weyl tensor is nonzero, the manifold is decomposable. A null recur-
rence vector makes the Weyl tensor of algebraic type IId or higher in the
Bel-Debever-Ortaggio classification, while a time-like recurrence vector makes
the Weyl tensor purely electric.
1. Introduction
Riemannian or pseudo-Riemannian manifolds with a recurrent curvature tensor
and generalisations are the subject of a vast literature. The recurrent Riemann
tensor was first studied in dimension n = 3 by Ruse in 1949 [1] and then by
Walker [2] (see also Chaki [3], Kaigorodov [4], Khan [5]). Its relationship with plane
waves in general relativity was investigated by Sciama [6]. Soon after Patterson [7]
introduced Ricci-recurrent spaces.
Riemannian manifolds with recurrent Weyl curvature tensor (conformally recurrent
manifolds) were introduced by Adati and Miyazawa [8], and generalised to pseudo-
Riemannian manifolds by Derdzin´ski [9], Roter [10, 11, 12, 13] and others, for
instance by Suh and Kwon [14]. Mc Lenaghan and Leroy [15] and Mc Lenaghan
and Thompson [16] considered Lorentzian manifolds (space-times) with complex
recurrent Weyl tensor. They showed that such spaces belong to Petrov types D or
N, and obtained the expression of the metric in the case of real recurrence vector.
Conformally recurrent space-times were also studied by Hall [17, 18].
Definition 1.1. A pseudo-Riemannian manifold (M, g) of dimension n ≥ 4 is said
to be conformally recurrent if its Weyl conformal curvature tensor1 satisfies the
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1The components of the Weyl tensor are [19]:
Cjkl
m = Rjkl
m +
1
n− 2
(δj
mRkl − δk
mRjl + Rj
mgkl −Rk
mgjl)− R
δj
mgkl − δk
mgjl
(n− 1)(n− 2)
where Rkl = −Rmkl
m is the Ricci tensor and R = gijRij is the curvature scalar.
1
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condition:
∇iCjklm = αiCjklm(1)
with a non-zero covector field αi named recurrence vector.
The definition has two straightforward well known consequences. The first one
is an equation for the recurrence vector: ∇iC
2 = 2αiC
2, where C2 = CjklmC
jklm.
Then, if C2 6= 0 at a point of M, on a coordinate domain U of this point we have
αi =
1
2∇i log |C
2|.(2)
Another consequence is the identity:
[∇i,∇j ]Cklmn = (∇iαj −∇jαi)Cklmn.(3)
If the 1-form αi is closed (∇iαj − ∇jαi = 0) then [∇i,∇j ]Cklmn = 0, i.e. the
manifold is Weyl semi-symmetric [20, 21, 22, 23].
We recall that a manifold is semi-symmetric if [∇i,∇j ]Rklmn = 0 (Cartan [24],
Szabo´ [25]). Derdzin´ski and Roter proved that every non-conformally flat, non-
locally symmetric semi-Riemannian manifold of dimension n ≥ 4 with parallel
Weyl tensor is semi-symmetric [26] (theorem 9). The Riemannian semi-symmetric
manifolds were classified by Szabo´ [25].
Semi-symmetry implies Weyl semi-symmetry: in fact from [∇i,∇j ]Rklmn = 0 we
get [∇i,∇j ]Rlm = 0 and then [∇i,∇j ]Cklmn = 0. In general the converse is not
true: a counter example in dimension n = 4 was given by Derdzin´ski [27] (see
also [20]). Equivalence between semi-symmetry and Weyl semi-symmetry holds
on non-conformally flat n = 4 warped product manifolds (Deszcz [21], theorem 3
and corollary 1). It was established by Grycak for non-conformally flat pseudo-
Riemannian manifolds of dimension n ≥ 5 [28] (see also [29]). In n = 4 it holds for
Lorentzian manifolds (Eriksson and Senovilla [30]).
In n ≥ 5, by the aforementioned equivalence, Weyl semi-symmetry implies Ricci
semi-symmetry,
[∇i,∇j ]Rkl = 0(4)
It seems that (4) originally appeared in Roters paper [31] (Lemma 3, eq. 10). A
summation over cyclic permutations of indices ijk in (4) gives the algebraic property
(Defever and Deszcz [32]):
RimRjkl
m +RjmRkil
m +RkmRijl
m = 0.(5)
This equation originally appeared in Roter’s paper on conformally symmetric spaces
([33] lemma 1). In [34] the property was generalized by us, to define the notion of
K-compatible tensor, where K is Riemann’s or Weyl’s or a generalized curvature
tensor (then Eq. (5) states that the Ricci tensor is Riemann compatible). Geomet-
ric implications of compatibility were explored for the Riemann tensor [35] and the
Weyl tensor [36]. In particular we showed that Weyl and Riemann compatibility
are equivalent for the Ricci tensor. Manifolds whose Ricci tensor is Weyl compat-
ible are termed “Weyl compatible manifolds” [37]. Several such manifolds, which
include the Robertson-Walker space-time, were discussed by Deszcz et al. [38]; an-
other example is Go¨del’s metric ([39], th.2).
In this paper we present new results on conformally recurrent manifolds with di-
mension n ≥ 5. In Section 2 we specialize the second Bianchi identity for the Weyl
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tensor and an identity by Lovelock to algebraic ones, and show that in n ≥ 5 the
tensor αiαj is Weyl compatible; also the Ricci tensor is such, when α is closed. The
Weyl tensor is represented as a Kulkarni-Nomizu product in terms of the recurrence
vector αi and the symmetric tensor Eil = Cijklα
jαk/α2 (where α2 = αkαk).
In Section 3 we introduce the tensor hij = Ci
klmCjklm/C
2. Among other proper-
ties, we show that it is covariantly constant, ∇khij = 0. Therefore, this tensor gives
an explicit realization of Grycak’s theorem [40], namely that the traceless part of
the Ricci tensor is proportional to the traceless part of hij via a scalar function,
Eq. (20). This means that, up to a scalar function, the traceless part of the Ricci
tensor is determined by the Weyl tensor. Proportionality implies unicity of hij ,
that the Ricci tensor cannot have more than 2 distinct eigenvalues, and that the
recurrence vector is an eigenvector.
In Sections 4 and 5 we focus on Lorentzian conformally recurrent manifolds, n ≥ 5:
the existence of hij with zero covariant derivative implies that a Lorentzian con-
formally recurrent manifold is either decomposable or it admits a null covariantly
constant vector field [41, 42]. If C2 6= 0 the manifold is decomposable. A Brinkmann
or pp-wave metric requires C2 = 0, with the characterization given by Galaev [43].
With null recurrence vector αiαi = 0, the algebraic type of the Weyl tensor is
at least IId in the high-dimensional Bel-Debever-Ortaggio classification [44]. This
extends the result of Mc Lenaghan and Leroy [15] valid in n = 4. If α2 < 0, Weyl’s
tensor is purely electric, according to the definition given in [45].
In Section 6 we construct a simple example of conformally recurrent manifold.
We assume that the manifolds are smooth, connected, Hausdorff, with non-
degenerate metric (n-dimensional pseudo-Riemannian manifolds) and that ∇jgkl =
0. Where necessary we specialize to a metric with signature n − 2 (Lorentzian
manifolds).
2. A representation of the Weyl tensor
Our presentation largely relies on two general identities for the Weyl tensor on
a pseudo-Riemannian manifold. The first one is eq.(3.7) in [8] (see also [46]):
∇iCjklm +∇jCkilm +∇kCijlm =
1
n− 3
∇p(gjmCkil
p + gkmCijl
p
+gimCjkl
p + gklCjim
p + gilCkjm
p + gjlCikm
p).(6)
On a conformally recurrent manifold with recurrence vector αi, the identity becomes
algebraic:
αiCjklm + αjCkilm + αkCijlm =
αp
n− 3
(gjmCkilp + gkmCijlp
+gimCjklp + gklCjimp + gilCkjmp + gjlCikmp)(7)
Remark 2.1.
1) Adati and Miyazawa [8] considered the additional condition αmCjklm = 0. Then
αiCjklm + αjCkilm + αkCijlm = 0 and contraction with α
i gives α2Cjklm = 0, i.e.
either α2 = 0 or Cjklm = 0.
2) Equation (7) holds on manifolds more general than conformally recurrent, with
the property ∇iCjklm + ∇jCkilm + ∇kCijlm = αiCjklm + αjCkilm + αkCijlm. It
implies ∇mCjkl
m = αmCjkl
m. They are studied in [47].
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The second identity results from two identities by Lovelock, relating the Rie-
mann, the Ricci and the Weyl tensors on a pseudo-Riemannian manifold [48, 35]:
∇i∇mCjkl
m +∇j∇mCkil
m +∇k∇mCijl
m
= −
n− 3
n− 2
(RimCjkl
m + RjmCkil
m +RkmCijl
m)(8)
Proposition 2.2. Let M, n ≥ 5, be a pseudo-Riemannian conformally recurrent
manifold with recurrence vector αi. The tensors αiαj, ∇iαj + ∇jαi + Rij and
∇iαm −∇mαi +
n−4
n−2 Rim are Weyl compatible:
αiαmCjkl
m + αjαmCkil
m + αkαmCijl
m = 0(9)
[∇iαm +∇mαi +Rim]Cjkl
m + cyclic = 0(10) [
∇iαm −∇mαi +
n− 4
n− 2
Rim
]
Cjkl
m + cyclic = 0(11)
cyclic stands for sum of cyclic permutations on ijk. Moreover, if the recurrence
vector is closed, then ∇iαj and Rij are Weyl compatible, and the Ricci tensor is
also Riemann compatible, Eq. (5).
Proof. Contraction of Eq. (7) with αm cancels some terms and, with some al-
gebra, results in Weyl compatibility for αiαj . By the recurrence property it is:
∇i∇mCjkl
m = ∇i(αmCjkl
m) = (∇iαm + αiαm)Cjkl
m. Equation (8) becomes:[
∇iαm + αiαm +
n− 3
n− 2
Rim
]
Cjkl
m + cyclic = 0.
The second term is zero by Eq. (9). The covariant divergence ∇m of Eq. (7), and
(9) give:[
∇mαi −
1
n− 3
∇iα
m
]
Cjklm + cyclic =
(∇mαp)
n− 3
(gilCjkmp − gjlCkimp − gklCijmp)
Contraction with gkl gives:
[
∇mαk −
1
n−3∇kαm
]
Cij
km = − n
n−3 (∇
mαp)Cijmp i.e.
(∇mαk)Cij
km = 0. We then remain with:[
∇mαi −
1
n− 3
∇iαm
]
Cjkl
m + cyclic = 0.
Linear combinations of the two cyclic identities produce the final statements. 
For n ≥ 5 and α2 6= 0, a representation of the Weyl tensor can be derived in
terms of the recurrence vector and of the traceless symmetric tensor
Eil =
αjαk
α2
Cijkl .(12)
Note that Eilα
l = 0.
Theorem 2.3. On a conformally recurrent manifold of dimension n ≥ 5 with
α2 6= 0, the Weyl tensor has the form:
Cjklm =
1
n− 3
[gmkEjl − gmjEkl + gjlEkm − gklEjm]
−
n− 2
n− 3
[αkαm
α2
Ejl −
αjαm
α2
Ekl +
αjαl
α2
Ekm −
αkαl
α2
Ejm
]
.(13)
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Proof. Contraction of Eq. (7) with αi gives
α2Cjklm + α
p(αjClmkp + αkCmljp)−
αp
n− 3
(αmCjklp + αlCkjmp)
=
αpαi
n− 3
(−gjmCiklp + gkmCijlp − gklCijmp + gjlCikmp),
symmetrization in the exchange of the pairs jk and lm gives
α2Cjklm = −
1
2
n− 2
n− 3
αp (αjClmkp + αkCmljp + αmCkjlp + αlCjkmp)
+
αpαi
n− 3
(−gjmCiklp + gkmCijlp − gklCijmp + gjlCikmp),
= −
1
2
n− 2
n− 3
αp(αjClmkp + αkCmljp + αmCkjlp + αlCjkmp)
+
α2
n− 3
(−gjmEkl + gkmEjl − gklEjm + gjlEkm).
Contraction of Eq. (9) with αi gives αpCjklp = αjEkl − αkEjl, and Eq. (13) is
obtained. 
Remark 2.4. The representation Eq. (13) of the Weyl tensor is the Kulkarni-
Nomizu product [49] of the tensors 1
n−3 [gjk − (n− 2)αjαk/α
2] and Eml.
Contraction of Eq. (13) by Cjklm gives C2 = 4 n−2
n−3 EijE
ij .
Proposition 2.5. On a conformally recurrent manifold n ≥ 5 with α2 6= 0, the
tensor Eij is Weyl compatible:
EimCjkl
m + EjmCkil
m + EkmCijl
m = 0.(14)
Proof. From the representation Eq. (13) we evaluate
EimCjkl
m =
1
n− 3
(EikEjl − EijEkl + gjlEkmEi
m − gklEimEj
m)
+
n− 2
n− 3
[αkαl
α2
EimEj
m −
αjαl
α2
EkmEi
m
]
;
the sum over cyclic permutations of indices ijk cancels all terms in the right-hand
side, and Weyl compatibility is proven. 
3. A realization of a theorem by Grycak, and the traceless part of the
Ricci tensor
In this section we study conformally recurrent manifolds with C2 6= 0 and di-
mension n ≥ 5. By Eq. (2) the recurrence vector is closed, ∇iαj = ∇jαi. We define
the symmetric tensor
hij =
1
C2
Ci
klmCjklm.(15)
and assume that it is not proportional to the metric tensor (in n = 4 the tensor is
trivial: hij =
1
4gij). The trace is g
ikhik = h
k
k = 1. Recurrence of the Weyl tensor
implies that the tensor is covariantly constant:
∇jhkl = 0.(16)
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Proposition 3.1. Let M, n > 4, be a conformally recurrent pseudo-Riemannian
manifold with non-zero scalar C2. The tensor hij defined by (15) has the following
properties:
1) the recurrence vector is an eigenvector of h:
hijα
j =
(n− 3)
2(n− 2)
αi(17)
2) the tensor hij is Riemann compatible:
himRjkl
m + hjmRkil
m + hkmRijl
m = 0,(18)
it commutes with the Ricci tensor, and it is Weyl compatible.
Proof. Contraction of Eq. (7) with Cqklm gives the identity:
αihj
q − αjhi
q = −
αp
C2
[
CjilmCp
qlm +
2
n− 3
(
CiklpC
qkl
j − CjklpC
qkl
i
)]
(19)
Contraction with δq
i gives the first result. The property [∇i,∇j ]hkl = 0 is, by the
Ricci identity, Rijk
mhml + Rijl
mhkm = 0. Summation on cyclic permutations of
ijk and the first Bianchi identity give Riemann compatibility. This implies Weyl
compatibility [36]. Contraction with gjl gives himRk
m −Ri
mhkm = 0. 
The explicit expression (15) of a nontrivial covariantly constant tensor hij gives,
in n > 4, the realisation of an interesting theorem by Grycak, that is here recalled:
Theorem 3.2. (Grycak, [40] theorem 1) LetM be a conformally recurrent manifold
n ≥ 4 that is neither conformally flat nor recurrent, whose recurrence vector αi is
locally a gradient. If M admits a symmetric parallel tensor hij that is not multiple
of the metric, then
(
Rij −
1
n
Rgij
)
= G
(
hij −
1
n
hkkgij
)
, G being a scalar function.
Here the statement is made explicit:(
Rij −
R
n
gij
)
= G
(
1
C2
CiklmCj
klm −
1
n
gij
)
(20)
Remark 3.3. A covariant derivative shows that the traceless part of the Ricci
tensor is recurrent:
∇k
(
Rij −
R
n
gij
)
=
∇kG
G
(
Rij −
R
n
gij
)
(21)
The tensor h2ij = hikh
k
j is symmetric and has zero covariant derivative. Grycak’s
theorem implies proportionality of the traceless parts of h2ij and hij :
h2ij −
(h2)kk
n
gij = H
(
hij −
1
n
gij
)
(22)
where (h2)kk = g
jkh2jk and H is a scalar (a covariant derivative of both sides of
(22) gives ∇iH = 0).
Theorem 3.4. Let M, n ≥ 4, be a conformally recurrent pseudo-Riemannian
manifold with non-zero scalar C2. The Ricci tensor has at most two distinct eigen-
values: {
µ = R
n
+G (n−1)(n−4)2n(n−2) with multiplicity nh
µ′ = R
n
−G (n−1)(n−4)nh2n(n−2)(n−nh) with multiplicity n− nh.
(23)
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and the spectral decomposition Rij = µP
i
j + µ
′(δij − P
i
j) with projector
P ij =
2(n− 2)(n− nh)
(n− 1)(n− 4)
hij +
nh(n− 3)− 2(n− 2)
(n− 1)(n− 4)
δij(24)
on a submanifold of dimension nh. The curvature scalar is R = nhµ+ (n− nh)µ
′.
Proof. Equation (22) implies that hij has at most two eigenvalues and that they
solve the equation λ2 − Hλ − 1
n
[(h2)kk − H ] = 0. They are: h =
n−3
2(n−2) and
h′ = H − h. Let the corresponding eigenspaces have dimensions nh and n − nh.
The first eigenspace contains the recurrence vector. It is:
nhh+ (n− nh)h
′ = 1
nhh
2 + (n− nh)h
′2 = (h2)kk
Let P ij be the projector on the eigenspace with eigenvalue h. Then P
k
k = nh, and
hij = hP
i
j + h
′(δij − P
i
j). From this relation the expression Eq. (24) is obtained.
The algebraic constraints are inherited by the Ricci tensor via Grycak’s relation.
The Ricci tensor has two eigenvalues µ and µ′:{
µ = R
n
+G
(
h− 1
n
)
with multiplicity nh
µ′ = R
n
+G
(
h′ − 1
n
)
with multiplicity n− nh.
(25)
which are evaluated. The trace of the Ricci tensor is nhµ+ (n− nh)µ
′. 
Remark 3.5.
1) The case where the second eigenvalue of hij is zero (h
′ = 0) implies nh =
2 + 2
n−3 = integer, therefore it may only occur in n = 5, with nh = 3.
2) The case where the eigenvalue µ of the Ricci tensor is non-degenerate (nh = 1)
gives, with simple algebra,
Rij −
R
n
gij =
G
2
n− 4
n− 2
[αiαj
α2
−
gij
n
]
.(26)
Since hi
jαj = hαi implies hi
j∇rα
i = h∇rαj, the recurrence vector is recurrent:
∇rαj = Kαrαj where K is a number. The manifold is quasi-Einstein i.e. there is
a scalar field λ such that rank(Rij − λgij) ≤ 1 (see [39, 50, 51, 52]).
3) In n > 4 the eigenvalues h and h′ are different. Patterson proved that a pseudo-
Riemannian manifold is a product manifold if there exists a symmetric recurrent
tensor that has at least two different eigenvalues at any point [53] (see also [54] page
96). In the present case, the recurrent tensor is C2hij . It follows that a conformally
recurrent manifold with C2 6= 0 and n > 4 is a product manifold.
Remark 3.6.
From the Ricci identity we have Rjklmα
m = [∇j ,∇k]αl and contraction with g
jl
gives: Rkmα
m = [∇l,∇k]α
l = µαk. If ∇iαj = ∇jαi this corresponds to the
equation:
∇2αk −∇k∇mα
m = µαk(27)
The divergence ∇i of (20) gives a linear relation among gradients: n−22n ∇jR =
(hmj −
1
n
δmj)∇mG. With some effort we get rid of the tensor h
m
j :
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Proposition 3.7. Let M, n > 4, be a conformally recurrent pseudo-Riemannian
manifold with non-zero scalar C2. The function G, defined by (20), satisfies the
following equation:
∇jG =
n(n− 2)2
(n− 1)2(n− 4)
[αjαm
α2
−
gjm
n
]
∇mR(28)
Proof. Consider the expression for the covariant divergence of the Weyl tensor:
∇mCjklm = −
n− 3
n− 2
[
∇jRkl −∇kRjl −
1
2(n− 1)
(gkl∇jR− gjl∇kR)
]
(29)
Contraction with αl gives
0 = αl(∇jRkl −∇kRjl)−
1
2(n−1) (αk∇jR− αj∇kR)(30)
By Eq. (20) it is
∇jRkl =
1
n
gkl∇jR+ (∇jG)
(
hkl −
1
n
gkl
)
(31)
Then:
αl∇jRkl −
αk∇jR
2(n− 1)
=
αk
2n(n− 1)(n− 2)
[
(n− 2)2∇jR+ (n− 1)
2(n− 4)∇jG
]
The expression is inserted in Eq. (30):
0 = (n− 2)2(αk∇jR− αj∇kR) + (n− 1)
2(n− 4)(αk∇jG− αj∇kG)
Contract with αk:
0 = (n− 2)2(α2∇jR− αjα
k∇kR) + (n− 1)
2(n− 4)(α2∇jG− αjα
k∇kG)
A simplification occurs: contraction of Eq. (31) with gjk gives (n − 2)2αk∇kR =
(n− 1)(n− 4)αk∇kG. Therefore:
n(n− 2)2
(
αjα
m
α2
−
1
n
δmj
)
∇mR = (n− 1)
2(n− 4)∇jG

4. Conformally recurrent Lorentzian manifolds, n ≥ 5
For general Lorentzian manifolds the existence of a covariantly constant symmet-
ric tensor hij not proportional to the metric implies reducibility of the holonomy
group of the manifold. This result was proven by Hall [42] in n = 4 (see also [55]),
and extended to n ≥ 5 by Senovilla ([41] lemma 3.1), Aminova [56] and Galaev
[57].
We recall that the holonomy group is reducible if it leaves a non trivial subspace
of the tangent space invariant; it is non-degenerately reducible (or decomposable) if
it leaves a non-degenerate subspace (i.e. such that the restriction of the metric is
non-degenerate) invariant. These concepts were introduced by Wu for arbitrary sig-
nature of the metric [58]. Wu showed that if the manifold is a connected space-time
whose holonomy group is non-degenerately reducible, then the manifold is locally
decomposable.
Senovilla’s Lemma 3.1 [41] makes the following statement: Let (M, g) be a n-
dimensional Lorentzian manifold equipped with a covariantly constant tensor field
h not proportional to the metric. Then the manifold is reducible, and it is not
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non-degenerately reducible only if there exists a null covariantly constant vector
field which is the unique (up to a proportionality constant) constant vector field.
Accordingly, there are three possibilities: 1) M is decomposable and there are no
parallel null vector fields, 2) M is decomposable and there are at least two inde-
pendent parallel null vector fields, 3)M is not decomposable (and either there are
no parallel null vector fields or a unique one, up to a constant scaling).
Remark 4.1.
In dimension n = 4, a manifold whose holonomy is type R4 has two independent
covariantly constant null covector fields l and n with lknk = 1. Then z = l + n
and t = l − n are covariantly constant and zkzk = 2, t
ktk = −2, z
ktk = 0. Then
Zij = zizj/(z
kzk) and Tij = titj/|t
ktk| are orthogonal projectors and the metric
is decomposable as gij = Tij + Zij + (gij − Tij − Zij) i.e. the manifold is 1+1+2
decomposable (see [59] p. 245).
Aminova [56] proved that if a locally indecomposable Lorentzian manifold ad-
mits a covariantly constant bilinear form not proportional to the metric, then the
manifold admits a covariantly constant null vector field β and the space of covari-
antly constant bilinear forms is 2-dimensional and it is spanned by g and by β⊗ β.
Locally:
hij = Agij +Bβiβj(32)
with constants A, B. The metric takes the form stated by Brinkmann [60]:
ds2 = −2dx0 (Hdx0 + dx1 +Wνdx
ν) +Gµνdx
µdxν , (µ, ν = 2, . . . , n− 1),(33)
where the functions H , Wν and Gµν = Gνµ are arbitrary but independent of
x1. These metrics are called Brinkmann waves. In particular it is a pp-wave if
the curvature tensor satisfies the trace condition Rij
pqRpqlm = 0 [61, 62, 63]. A
Lorentzian manifold is a pp-wave if and only if the metric has the local form Eq. (33)
with Wµ = 0 and Gµν = δµν [61, 62, 63, 64]; the function H is usually called the
potential of the pp-wave.
Theorem 4.2. A Lorentzian conformally recurrent manifold of dimension n ≥ 5
with non-zero scalar C2, is decomposable.
Proof. Suppose that the manifold is non decomposable. Then there exists a vector
field βj such that β
jβj = 0, ∇iβj = 0. The tensor hij in Eq. (15) gains the form
hij = Agij + Bβiβj . Since h
k
k = 1 it is A = 1/n. The vectors α
i and βi are
eigenvectors of hij with eigenvalues
n−3
2(n−2) 6=
1
n
. Then αiβ
i = 0. Contraction of
hij with α
i gives: n−32(n−2)αj =
1
n
αj . The factors in the two sides do not match. 
It turns out that C2 = 0 is a necessary condition for a Lorentzian conformally
recurrent manifold of dimension n ≥ 5 to be non-decomposable. Lorentzian con-
formally recurrent manifolds were classified by Galaev [43], and their metric is that
of a pp-wave:
Theorem 4.3 (Galaev). If M, n ≥ 4, is a locally non-decomposable Lorentzian
conformally recurrent manifold, then either Cijkl = 0, or ∇mRijkl = 0, or locally
the metric has the form
ds2 = −2dvdu− (du)2
n∑
i=3
(xi)2[a(u) + F (u)λi] +
n∑
i=3
(dxi)2(34)
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where a(u), F (u) are functions, λi are real numbers with λ3 + · · · + λn = 0. In
particular: ∇iCjklm = 0 if and only if F (u) is constant; ∇iRjklm = 0 if and only
if F (u) and a(u) are constants; the Riemann tensor is recurrent if and only if
F (u) = a(u), or a(u) = 0 or all λi = 0; finally, Cijkl = 0 if and only if F (u)λi = 0
for all i.
In Galaev’s theorem the pp-wave potential isH(~x, u) =
∑n
i=3(x
i)2[a(u)+F (u)λi].
The Ricci tensor is
Rij = −
1
2
n∑
k=3
∂2H
∂x2k
βiβj = (n− 2)a(u)βiβj(35)
where the vector βj = ∇ju is covariantly constant and null. The Ricci tensor is
rank-1 and traceless (the scalar curvature being zero) (see [65] sections 2 and 7.1,
and [59] page 248). It immediately follows that
∇kRij = (n− 2)
da
du
(∇ku)βiβj = (n− 2)a
′(u)βkβiβj(36)
From Eq. (29) for the divergence of the Weyl tensor, we infer that ∇mCjkl
m = 0.
Proposition 4.4. A locally non-decomposable Lorentzian conformally recurrent
manifold, n ≥ 5, which is neither conformally flat nor locally symmetric, is confor-
mally harmonic.
5. Algebraic classification of Lorentzian conformally recurrent
manifolds
If αkαk < 0, the tensor Eij defined in Eq. (12) is referred to as the “electric
tensor” associated to the Weyl tensor. In general Lorentzian n = 4 manifolds, the
Weyl tensor is completely described by the electric tensor and a “magnetic tensor”
[66, 67, 68]. The decomposition was extended to n ≥ 5 by Senovilla [69], Hervik et
al. [45] and Ortaggio et al. [70]: given a time-like vector uk (u
2 = −1) introduce
the tensors θkl = gkl + ukul and Ekl = u
jumCjklm. The Weyl tensor is the sum
C = C+ + C−, with electric and magnetic components:
(C+)
jk
ml = θ
k
sθ
s
lE
j
m + 4u
[ju[lE
k]
m](37)
(C−)
jk
ml = 2θ
jrθksCrsp[lum]u
p + 2upu
[jCk]prsθrlθsm.(38)
The Weyl tensor is purely electric (C− = 0) if and only if uiumCjkl
m+ujumCkil
m+
ukumCijl
m = 0 (theorem 3.5 in ref. [45]). Because of Eq. (9) we may assert:
Proposition 5.1. On a Lorentzian conformally recurrent manifold M of dimen-
sion n ≥ 5, with time-like recurrence vector (α2 < 0) the Weyl tensor is purely
electric.
In n = 4 the algebraic classification of the Weyl tensor on Lorentzian conformally
recurrent manifolds was obtained by Mc Lenaghan and Leroy [15]. On n ≥ 5 we
note that Eq. (9) matches with type IId of table 1 of [44], that classifies the Weyl
tensors on n ≥ 5 Lorentzian manifolds, generalising the Bel-Debever scheme based
on null vectors. Then:
Proposition 5.2. On a Lorentzian conformally recurrent manifoldM, n ≥ 5, with
null recurrence vector, α2 = 0, the Weyl tensor is algebraically special at least as
type IId of the Bel-Debever-Ortaggio classification.
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We can be more specific (see [70]). For type−N spaces it is CpklmCq
klm = 0,
then C2 = 0 (pp-waves are in this category).
In type−III spaces CpklmCq
klm = ψlplq, where l is the standard null vector of
a Lorentzian basis; again it is C2 = 0. Recurrency of the Weyl tensor implies
that ∇plq = (αp −
1
2∇p logψ)lq. Therefore, a type−III conformally recurrent
manifold admits a recurrent null vector field. The metric, in Walker’s coordinates
[71], belongs to the Kundt’s class [65]:
ds2 = 2dudv + ai(~x, u)dx
idu +H(v, ~x, u)du2 + gij(~x, u)dx
idxj .
If ai is locally closed, the vector lp can be rescaled to a null constant vector, and
the metric becomes of Brinkmann’s type.
For types equal or higher than III it is always C2 = 0, as guaranteed by a theorem
by Hervik [72].
6. Examples of conformally recurrent manifolds
The first example of a conformally recurrent manifold was given by Roter in
[73] and further discussed in [11, 12, 13], ds2 = Q (dx1)2 + kµνdx
µdxν + 2dx1dxn,
1 < µ, ν < n, Q = [A(x1)pµν + kµν ]x
µxν with tensors p and k subject to restric-
tions. The manifold is both conformally recurrent and Ricci-recurrent, possibly
with different recurrence vectors. The same metric structure was investigated and
classified according to choices of the weights by Grycak and Hotlos´ [74]. Derdzin´ski
[9] studied the metric g11 = −2ǫ, gij = exp[Fi(x
1, x2)] if i+ j = n+ 1, and gij = 0
otherwise, with certain functions Fi, and periodicity conditions.
Here we give another example. Consider the Brinkmann-type metric:
ds2 = p(x1)q(x3)(dx1)2 + 2dx1dx2 + (dx3)2 + · · ·+ (dxn)2.(39)
The non-zero Christoffel symbols (up to symmetries) are: Γ211 =
1
2p
′(x1)q(x3),
Γ213 = −Γ
3
11 =
1
2pq
′. It follows that the non-zero components of the Riemann
tensor are those related to R1313 =
1
2pq
′′, and the only non-zero component of the
Ricci tensor is R11 =
1
2pq
′′. The curvature scalar is zero.
It is easy to check that the manifold is Ricci-recurrent, ∇iRjk = αiRjk, with
recurrence vector
αi =
(
p′(x1)
p(x1)
, 0,
q′′′(x3)
q′′(x3)
, 0, . . . , 0
)
.
Further, the manifold is recurrent with the same recurrence vector: ∇iRjklm =
αiRjklm. Therefore the Weyl tensor is recurrent, i.e. the manifold is a conformally
recurrent manifold. Since α is a gradient, by (3) the metric is Weyl semi-symmetric
(for the same reason it is Ricci semi-symmetric and semi-symmetric).
The form of the metric gives αkαk = (q
′′′/q′′)2 ≥ 0.
The simple forms of the Riemann and Ricci tensors in the defining frame Eq. (39),
imply the tensorial identity αkαmRjklm = α
iαiRjl. Since the curvature scalar is
zero, it follows that αkαmRkm = 0.
If αkαk = 0 then α = (p
′/p, 0, 0, . . . ) and Rij ∝ αiαj in the defining frame. Then
in any frame the Ricci tensor is rank-one: Rij =
1
2αiαj (pq
′′)(p′/p)−2. This has the
following consequences: αmRjklm = ∇
mRjklm = ∇kRjl−∇jRkl = αkRjl−αjRkl =
0 and, after simple calculations, αmCjklm = 0. For a Lorentzian metric (|pq| > 2),
the last result characterizes the manifold as type II ′abd in the Bel-Debever-Ortaggio
classification [44].
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